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We study the non-interacting two-impurity Anderson
model on a lattice using the Green function equation-
of-motion method. A case of particular interest is the
RKKY limit that is characterized by a small hybridiza-
tion between impurities and host electrons and the ab-
sence of a direct coupling between the impurities. In
contrast to the low-density case, at half band-filling and
particle-hole symmetry, the RKKY interaction decays as
the inverse square of the impurity distance along the axis
of a simple cubic lattice. In the RKKY limit, for the spec-
tral function we generically observe a small splitting of
the single-impurity resonance into two peaks. For a van-
ishing density-density correlation function of the host
electrons, we find only a broadened single peak in the
local density of states.
Copyright line will be provided by the publisher
1 Introduction Impurities diluted in a metallic host
pose a fundamental problem in solid-state theory [1]. A fa-
mous example is the formation of a ‘Kondo cloud’ around
a magnetic impurity in a metallic host that leads to a com-
plete screening of a spin-1/2 impurity at zero tempera-
ture and to a very narrow Abrikosov-Suhl resonance in
the single-particle density of states [2]. The formation of
a magnetic impurity and its screening by the host electrons
is contained in the single-impurity Anderson model [3]; for
a review, see Ref. [2], and references therein.
A single (magnetic) impurity induces distortions in the
host electrons’ charge and spin density (‘Friedel oscilla-
tions’) [4,5]. These distortions can be sensed by a sec-
ond (magnetic) impurity so that the host electrons generate
an effective interaction between the impurities, known as
RKKY interaction, named after Ruderman and Kittel [6],
Kasuya [7], and Yosida [8]; for a concise derivation from
perturbation theory, see appendix I of [1].
The combined physics of the Kondo effect and of
the RKKY interaction is contained in the two-impurity
Anderson model (TIAM) [9]. It describes two impurities
embedded in a metallic host at lattice sites R1 and R2.
When the local Hubbard interaction on the impurities is
strong, the model covers the local Kondo physics and the
RKKY interaction between magnetic impurities. However,
the TIAM is a true many-particle problem that cannot
be solved in general; for a recent investigation using an
extended non-crossing approximation, see Ref. [10], and
references therein.
The TIAM is frequently invoked in studies of coupled
quantum dots where each dot represents an impurity, see
Ref. [11] for a recent study. However, the quantum dots
have individual leads, i.e., there are two independent host
metals so that the indirect exchange interaction is differ-
ent from the solid-state case for which the TIAM was de-
signed originally. Moreover, the direct coupling between
Copyright line will be provided by the publisher
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the quantum dots is generically large and dominates over
the RKKY interaction.
In the present work, we consider the non-interacting
two-impurity Anderson model that can be solved exactly
using the Green function equation-of-motion method [9].
In contrast to the perturbative RKKY derivation, the results
include the full impurity-host hybridization and multiple
scattering events of the host electrons off the impurities to
all orders. The formulae provide the basis of a Gutzwiller
approach to the TIAM which permits a variational analysis
of the competition between the single-impurity Kondo ef-
fect and the two-impurity RKKY interaction [12]. For this
reason, we are particularly interested in the case of particle-
hole symmetry at half band-filling.
To study the competition between single-impurity and
two-impurity physics, we focus on the RKKY limit of
a small, local hybridization in the absence of a direct
electron transfer between the impurities. This case was
not worked out in detail in Ref. [9] where the impurities
were dominantly coupled by a direct electron transfer.
Although we cannot study the formation of a local mo-
ments, we determine the effective RKKY interaction of
the (non-interacting) impurities as a function of their sepa-
ration fully analytically. We find that the RKKY interaction
generically leads to two peaks in the single-particle den-
sity of states, i.e., the host metal generates a small but finite
transfer matrix element between the impurities.
Our work is organized as follows. We formulate the
two-impurity Anderson model in section 2. In section 3
we solve the non-interacting model using the equation-of-
motion method for the retarded Green functions [9]. We
introduce and utilize particle-hole symmetry in section 4,
and work out the impurity properties for tight-binding host
electrons on a simple-cubic lattice in detail in section 5.
Short conclusions, section 6, end our presentation. Some
technical details are deferred to the appendix.
2 Two-impurity Anderson model We start our in-
vestigations with the definition of the Hamiltonian. Then,
we rephrase the problem in terms of a single-site two-
orbital model.
2.1 Hamiltonian Two impurities in a metallic host on
a lattice are modeled by the Hamiltonian [9]
Hˆ = Tˆ + Tˆd + Hˆint + Vˆ . (1)
Here, Tˆ is the kinetic energy of the non-interacting spin-
1/2 host electrons (σ =↑, ↓),
Tˆ =
∑
R,R′;σ
t(R−R′)cˆ+R,σ cˆR′,σ , (2)
where the electrons tunnel between the sites R and R′ of
the lattice with amplitude t(R − R′). The kinetic energy
is diagonal in Fourier space. For k from the first Brillouin
zone we define
cˆk,σ =
√
1
L
∑
R
e−ik·RcˆR,σ , cˆR,σ =
√
1
L
∑
R
eik·Rcˆk,σ ,
(3)
where L is the (even) number of lattice sites. With
t(R) =
1
L
∑
k
eik·Rǫ(k) , ǫ(k) =
∑
R
t(R)e−ik·R (4)
we find
Tˆ =
∑
k,σ
ǫ(k)cˆ+k,σ cˆk,σ , (5)
where ǫ(k) is the dispersion relation.
With Tˆd we also permit a direct electron transfer with
amplitude t12 between the impurity orbitals at sites R1 and
R2,
Tˆd =
∑
σ
t12dˆ
+
1,σdˆ2,σ + t
∗
12dˆ
+
2,σ dˆ1,σ . (6)
Next, Hˆint represents the Hubbard interaction to model
the Coulomb repulsion on the impurities,
Hˆint = U
2∑
b=1
(nˆb,↑ − 1/2)(nˆb,↓ − 1/2) , (7)
where nˆb,σ = dˆ+b,σ dˆb,σ counts the number of impurity elec-
trons (b = 1, 2).
Lastly, Vˆ describes the hybridization between impurity
and host electron states,
Vˆ =
∑
R,b,σ
V (R−Rb)cˆ+R,σdˆb,σ + V ∗(R−Rb)dˆ+b,σ cˆR,σ
=
√
1
L
∑
k,b,σ
Vke
−ik·Rb cˆ+
k,σdˆb,σ + V
∗
k e
ik·Rb dˆ+b,σ cˆk,σ ,
Vk =
∑
R
V (R)e−ik·R , V (R) =
1
L
∑
k
eik·RVk . (8)
The model (1) poses a difficult many-particle problem that
cannot be solved in general.
2.2 Single-site two-orbital model As a second step,
we map the two-impurity model onto an asymmetric two-
orbital model.
2.2.1 Kinetic energy of d-electrons We introduce
the h-basis for the impurity electrons using the unitary
transformation
dˆ+1,σ =
√
1
2
(
hˆ+1,σ + α12hˆ
+
2,σ
)
,
dˆ+2,σ =
√
1
2
(
−α∗12hˆ+1,σ + hˆ+2,σ
)
, (9)
where
α12 =
t∗12
|t12| , α
2
12 =
t∗12
t12
. (10)
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The inverse transformation reads
hˆ+1,σ =
√
1
2
(
dˆ+1,σ − α12dˆ+2,σ
)
,
hˆ+2,σ =
√
1
2
(
α∗12dˆ
+
1,σ + dˆ
+
2,σ
)
.
Then, Tˆd, eq. (6), is diagonal in the h-basis,
Tˆd = |t12|
(
hˆ+2,σhˆ2,σ − hˆ+1,σhˆ1,σ
)
. (11)
In this representation, Tˆd has the form of a splitting of two
impurity levels on the same site.
For a unitary transformation we have
dˆ+1,σ dˆ1,σ + dˆ
+
2,σ dˆ2,σ = hˆ
+
1,σhˆ1,σ + hˆ
+
2,σhˆ2,σ . (12)
Therefore, the average number of dσ-electrons equals the
average number of hσ-electrons.
2.2.2 Hybridization In the h-basis, the hybridization
Vˆ , see eq. (8), takes the form
Vˆ =
√
1
L
∑
k,b,σ
Vk,bcˆ
+
k,σhˆb,σ + V
∗
k,bhˆ
+
b,σ cˆk,σ . (13)
The two impurity levels hybridize with the conduction
electrons with the matrix elements
Vk,1 =
Vk√
2
(
e−ik·R1 − α12e−ik·R2
)
,
Vk,2 =
Vk√
2
(
α∗12e
−ik·R1 + e−ik·R2
)
. (14)
We do not elaborate Hˆint in the new basis because we re-
strict ourselves to the non-interacting model in the follow-
ing.
3 Green functions for the non-interacting model
For U = 0 in (1), the single-particle Green functions
can be calculated exactly using the equation-of-motion
method. From the Green functions, all ground-state prop-
erties and the single-particle density of states can be de-
rived.
3.1 Definition The retarded Green functions for the
host electrons and the impurity electrons read
Gk,p;σ(t) = (−i)Θ(t)〈Φ0 |
[
cˆk,σ(t), cˆ
+
p,σ
]
+
|Φ0〉 , (15)
Gb,b′;σ(t) = (−i)Θ(t)〈Φ0 |
[
hˆb,σ(t), hˆ
+
b′,σ
]
+
|Φ0〉 , (16)
where |Φ0〉 is the ground state for U = 0, Θ(t) is the
Heaviside step function, [Aˆ, Bˆ]+ = AˆBˆ + BˆAˆ is the anti-
commutator, and
Aˆ(t) = eiHˆtAˆe−iHˆt (17)
describes the time evolution of a Schro¨dinger operator Aˆ
in the Heisenberg picture; we set ~ ≡ 1 for convenience.
The host and impurity Green functions in eqs. (15)
and (16) couple to the mixed Green functions
Gb,k;σ(t) = (−i)Θ(t)〈Φ0|
[
hˆb,σ(t), cˆ
+
k,σ
]
+
|Φ0〉 , (18)
Gk,b;σ(t) = (−i)Θ(t)〈Φ0|
[
cˆk,σ(t), hˆ
+
b,σ
]
+
|Φ0〉 , (19)
when we set up the equations of motion.
3.2 Equations of motion The time derivatives of the
single-electron Heisenberg operators read
i
d
dt
cˆk,σ(t) = e
iHˆt
[
cˆk,σ(t), Hˆ
]
−
e−iHˆt
= ǫ(k)cˆk,σ(t) +
√
1
L
∑
b
Vk,bhˆb,σ(t) , (20)
i
d
dt
hˆ1,σ(t) = −|t12|hˆ1,σ(t) +
√
1
L
∑
k
V ∗k,1cˆk,σ(t) , (21)
i
d
dt
hˆ2,σ(t) = |t12|hˆ2,σ(t) +
√
1
L
∑
k
V ∗k,2cˆk,σ(t) . (22)
Moreover, we define the Fourier transformation for a re-
tarded Green function g(t) (ω ≡ ω + iη, η = 0+)
g(ω) =
∫ ∞
0
dteiωtg(t) , g(t) =
∫ ∞
−∞
dω
2π
e−iωtg(ω) .
(23)
With these equations it is possible to derive a closed set of
algebraic equations for the Green functions. For later use,
we define the bare Green functions
gk(ω) =
1
ω − ǫ(k) ,
g1(ω) =
1
ω + |t12| ,
g2(ω) =
1
ω − |t12| (24)
that appear in the absence of the hybridization, Vk = 0.
3.2.1 Host electrons The first set of equations in-
volves the host electrons,
iG˙k,p(t) = δ(t)δk,p + ǫ(k)Gk,p(t)
+
√
1
L
∑
b
Vk,bGb,p(t) ,
iG˙1,p(t) = −|t12|G1,p(t) +
√
1
L
∑
k
V ∗k,1Gk,p(t) ,
iG˙2,p(t) = |t12|G2,p(t) +
√
1
L
∑
k
V ∗k,2Gk,p(t) , (25)
where we dropped the spin index for convenience. After
Fourier transformation, we find that
Gb,p(ω) = Ab,p(ω)gb(ω) (26)
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with
Ab,p(ω) =
√
1
L
∑
k
V ∗k,bGk,p(ω) (27)
so that the host Green function obeys
Gk,p(ω) = gk(ω)
(
δk,p +
√
1
L
∑
b
Vk,bAb,p(ω)gb(ω)
)
.
(28)
When we insert this expression into eq. (27) we find that
Ab,p(ω) =
√
1
L
V ∗p,bgp(ω) +Ab,p(ω)gb,σ(ω)Hb,b(ω)
+Ab¯,p(ω)gb¯(ω)Hb¯,b(ω) , (29)
where we introduced the notation 1¯ = 2 and 2¯ = 1, and
the hybridization matrix functions
Hb,b′(ω) =
1
L
∑
k
Vk,bV
∗
k,b′
ω − ǫ(k) . (30)
The resulting 2 × 2 matrix problem (29) for fixed fre-
quency ω and fixed Bloch momentum p is readily solved
to give
gb(ω)Ab,p(ω) =
Zb,p(ω)
∆(ω)
, (31)
where
Zb,p(ω) =
√
1
L
V ∗p,bgp(ω)
(
g−1
b¯
(ω)−Hb¯,b¯(ω)
)
+
√
1
L
V ∗
p,b¯gp(ω)Hb¯,b(ω) ,
∆(ω) =
(
g−12 (ω)−H2,2(ω)
) (
g−11 (ω)−H1,1(ω)
)
−H1,2(ω)H2,1(ω) . (32)
The trace over all k-states results in the average host Green
function ∑
k
Gk,k(ω) = Gσ,0(ω) +∆G
host
σ (ω) (33)
with
Gσ,0(ω) =
∑
k
gk(ω) ,
∆Ghostσ (ω) =
∑
k,b
[gk(ω)]
2Vk,bV
∗
k,b
L∆(ω)
(
g−1
b¯
(ω)−Hb¯,b¯(ω)
)
+
[gk(ω)]
2Vk,bV
∗
k,b¯
L∆(ω)
Hb¯,b(ω)
=
∑
b
g−1
b¯
(ω)−Hb¯,b¯(ω)
∆(ω)
(−H ′b,b(ω))
+
Hb¯,b(ω)
∆(ω)
(−H ′b,b¯(ω)) (34)
with H ′b,b′(ω) = (∂Hb,b′(ω))/(∂ω). We need the aver-
age host Green function for the calculation of the ground-
state energy and the impurity contribution to the density of
states.
3.2.2 Impurity electrons After Fourier transforma-
tion the equations of motion for the impurity Green func-
tions read
g−1b (ω)Gb,b′(ω) = δb,b′ +
√
1
L
∑
k
V ∗k,bGk,b′(ω) ,
g−1k (ω)Gk,b(ω) =
√
1
L
∑
b′
Vk,b′Gb′,b(ω) . (35)
We insert the second equation into the first to obtain
g−1b (ω)Gb,b′(ω) = δb,b′ +
∑
b′′
Hb′′,b(ω)Gb′′,b′(ω) . (36)
The solution of this 2× 2 matrix problem for fixed ω gives
Gb,b¯(ω) =
Hb¯,b(ω)
∆(ω)
, (37)
and
Gb,b(ω) =
g−1
b¯
(ω)−Hb¯,b¯(ω)
∆(ω)
. (38)
For our further investigations, the diagonal impurity Green
functions in eq. (38) are sufficient.
3.3 Ground-state expectation values Lastly, we
use the Green functions to calculate the impurity contri-
bution to the single-particle density of states. In addition,
we derive the ground-state energy, impurity density, and
hybridization energy.
3.3.1 Density of states and ground-state energy
We introduce the single-particle density of states
Dσ(ω) =
∑
α
δ(ω − Eα) , (39)
where Eα are the energies of the single-particle levels. We
introduce the exact single-particle and single-hole excita-
tions of the ground state |α〉 ≡ aˆ(+)α,σ|Φ0〉,
Hˆaˆ(+)α,σ|Φ0〉 = (E0 ± Eα)aˆ(+)α,σ|Φ0〉 , (40)
where E0 is the energy of the ground state |Φ0〉. Then, the
single-particle density of states can be written as
Dσ(ω) = − 1
π
Im
[
〈Φ0|aˆ+α,σ
1
ω − (Hˆ − E0) + iη
aˆα,σ|Φ0〉
+ 〈Φ0|aˆα,σ
1
ω − (Hˆ − E0) + iη
aˆ+α,σ|Φ0〉
]
.
(41)
The sum on all single-particle excitations is equivalent to
the trace over the subspace of all single-particle excita-
tions,
Dσ(ω) = − 1
π
ImTr1
[
1
ω − (Hˆ − E0) + iη
]
. (42)
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We can equally use the excitations cˆ(+)k,σ |Φ0〉 and hˆ(+)b,σ |Φ0〉
to perform the trace over the single-particle excitations of
the ground state. Therefore, we may write
Dσ(ω) = − 1
π
Im
[∑
k
Gk,k(ω) +
∑
b
Gb,b(ω)
]
= Dσ,0(ω) +∆D
host
σ (ω) +
∑
b
Db,σ(ω) (43)
with
Dσ,0(ω) =
∑
k
δ
(
ω − ǫ(k)) = − 1
π
∑
k
Im [gk(ω)] .
(44)
Moreover,
Db,σ(ω) = − 1
π
Im [Gb,b(ω)]
= − 1
π
Im
[
g−1
b¯
(ω)−Hb¯,b¯(ω)
∆(ω)
]
,
∆Dhostσ (ω) = −
1
π
Im
[
∆Ghostσ (ω)
] (45)
with gb(ω) from eq. (24), Hb,b′(ω) from eq. (30), and
∆Ghostσ (ω) from eq. (34). Therefore, we find
Dimp,σ(ω) = Dσ(ω)−Dσ,0(ω)
= ∆Dhostσ (ω) +
∑
b
Db,σ(ω) (46)
for the contribution to the density of states that originates
from the impurities and their hybridization to the host elec-
trons.
The change in the ground-state energy contribution due
to the hybridization between host electrons and impurities
is given by
∆E0 = 2
occ∑
α
(Eα − ǫα) , (47)
where Eα (ǫα) are the single-particle energies in the pres-
ence (absence) of the hybridization Vk, and the factor two
accounts for the spin degeneracy. With the help of the den-
sity of states it is readily calculated from
∆E0 = 2
[
|t12|+
∫ 0
−∞
dωωDimp,σ(ω)
]
. (48)
3.3.2 Particle density and hybridization energy
In general, for the retarded Green function
GA,B(t) = (−i)Θ(t)〈Φ0|
[
Aˆ(t), Bˆ+
]
+
|Φ0〉 (49)
we obtain its Fourier transformation as
GA,B(ω) = 〈Φ0|Aˆ 1
ω + E0 − Hˆ + iη
Bˆ+|Φ0〉
+〈Φ0|Bˆ+ 1
ω − E0 + Hˆ + iη
Aˆ|Φ0〉 . (50)
The corresponding density of states is given by
DA,B(ω) = − 1
π
Im [GA,B(ω)]
= 〈Φ0|Aˆδ(ω + E0 − Hˆ)Bˆ+|Φ0〉
+〈Φ0|Bˆ+δ(ω − E0 + Hˆ)Aˆ|Φ0〉 . (51)
The first term is finite only if ω > 0 because Eα > E0 for
the eigenenergies of Hˆ . Therefore,∫ 0
−∞
dωDA,B(ω) = 〈Φ0|Bˆ+Aˆ|Φ0〉 (52)
for the ground-state expectation value of the operator prod-
uct Bˆ+Aˆ.
As an example, we give explicit expressions for the im-
purity occupancies,
nb,σ = 〈Φ0|hˆ+b,σhˆb,σ|Φ0〉 =
∫ 0
−∞
dωDb,σ(ω)
= − 1
π
∫ 0
−∞
dωIm
[
g−1
b¯
(ω)−Hb¯,b¯(ω)
∆(ω)
]
. (53)
For the hybridization matrix element we find
〈Φ0|cˆ+k,σhˆb,σ|Φ0〉 =
∫ 0
−∞
dωDb,k(ω) , (54)
where
Db,k(ω) = − 1
π
Im [Gb,k(ω)] = − 1
π
Im
[
Zb,k(ω)
∆(ω)
]
,
(55)
see eq. (32). The hybridization energy reads
Ehyb =
∑
k,b,σ
Vk,b〈Φ0|cˆ+k,σhˆb,σ|Φ0〉+ c.c.
= − 4
π
∑
b
∫ 0
−∞
dωIm
[
Hb,b¯Hb¯,b(ω)
∆(ω)
]
+ Im
[
Hb,b(ω)(g
−1
b¯
(ω)−Hb¯,b¯(ω))
∆(ω)
]
.
(56)
Note that the integrals in eqs. (48), (53) and (56) range over
a finite interval because the host bandwidth is finite.
4 Particle-hole symmetry at half band-filling We
are interested in the case where there is on average one
electron on each of the impurities. This can be assured
for a particle-hole symmetric Hamiltonian (1) at half band-
filling.
4.1 Conditions We consider a bipartite lattice. We
assume that there exists half a reciprocal lattice vectorQ =
G/2 for which
ǫ(k±Q) = −ǫ(k) , eiQ·R =
{
1 if R ∈ A-lattice
−1 if R ∈ B-lattice .
(57)
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We also assume inversion symmetry, ǫ(−k) = ǫ(k); recall
that ǫ(k + G) = ǫ(k). For the electron transfer matrix
elements between two sites at distance R this implies
t(R) =
1
L
∑
k
eik·Rǫ(k)
=
1
L
∑
k∈MBZ
(
eik·R − ei(Q−k)·R
)
ǫ(k) , (58)
where MBZ is the reduced (or ‘magnetic’) Brillouin zone
that contains only half of the vectors of the Brillouin zone.
Consequently, the electron transfer matrix elements be-
tween sites on the same sublattice (R ∈ A-lattice) ought
to be imaginary, and those between sites on different sub-
lattices (R ∈ B-lattice) must be real,
t(R ∈ A) = 1
L
∑
k∈MBZ
2i sin(k ·R)ǫ(k) ,
t(R ∈ B) = 1
L
∑
k∈MBZ
2 cos(k ·R)ǫ(k) . (59)
However, in a solid in the absence of spin-orbit coupling,
the tunnel amplitudes for electrons are real so that particle-
hole symmetry actually implies t(R ∈ A) ≡ 0. In our
conceptual study we do not impose this constraint.
We demand that the transfer element t12 in eq. (6) has
the same properties as t(R). Therefore, we assume t12 to
be imaginary when R1 and R2 are on the same sublattice,
and real when they are on different sublattices. This can be
cast into the relation
t∗12 = −t12eiQ·(R1−R2) . (60)
Therefore,
α212 = −eiQ(R1−R2) (61)
in eq. (10).
Lastly, we demand that
Vk = V
∗
Q−k . (62)
Note that a purely local hybridization, Vk ≡ V , must
necessarily be real. We impose the conditions (57), (60),
and (62) to make the Hamiltonian invariant under particle-
hole transformation.
4.2 Particle-hole transformation We employ
τph : cˆk,σ 7→ τˆphcˆk,σ τˆ+ph = cˆ+Q−k,σ ,
dˆb,σ 7→ τˆphdˆb,σ τˆ+ph = −eiQ·Rb dˆ+b,σ (63)
as particle-hole transformation so that nˆb,σ 7→ 1 − nˆb,σ .
The unitary operator τˆph that generates the particle-hole
transformation is provided in appendix A.
Using eqs. (60) and (63) it is readily shown that Tˆd and
Hˆint are particle-hole symmetric, i.e., τˆphTˆdτˆ
+
ph = Tˆd and
τˆphHˆintτˆ
+
ph = Hˆint. Moreover, eqs. (57) and (63) ensure
that Tˆ maps onto itself under τph. Lastly, the hybridization
Vˆ is seen to be invariant when we use eqs. (62) and (63).
Therefore, the particle-hole transformation maps Hˆ onto
itself,
τˆphHˆτˆ
+
ph = Hˆ . (64)
The operator for the total particle number is given by
Nˆ =
∑
k,σ
cˆ+k,σ cˆk,σ +
∑
b,σ
nˆb,σ . (65)
Under the particle-hole transformation τph it transforms as
τph : Nˆ 7→ 2L+ 4− Nˆ . (66)
Therefore, the particle-hole transformation τph maps sys-
tems at and above half filling to those at and below half
filling, and vice versa.
4.3 Half-filled bands In the following we consider
paramagnetic bands at half filling where the number of
electrons N = N↑ + N↓ equals the (even) number of or-
bitals, N = L + 2, and N↑ = N↓ = L/2 + 1. Note that
there are L lattices sites for the host electrons and two ad-
ditional impurity orbitals on the lattice sites R1 and R2.
At half band-filling, the non-degenerate ground state
|Ψ0〉 maps onto itself under the particle-hole transforma-
tion, τˆ+ph|Ψ0〉 = |Ψ0〉. Therefore, we find
〈Ψ0|nˆbσ|Ψ0〉 = 〈Ψ0|τˆphnˆb,σ τˆ+ph|Ψ0〉 = 1− 〈Ψ0|nˆbσ|Ψ0〉 ,(67)
i.e., each impurity level is exactly half filled for all hy-
bridizations and interaction strengths,
〈Ψ0|nˆbσ|Ψ0〉 = 1/2 . (68)
Moreover, it is readily shown that the bare density of states
is symmetric,
Dσ,0(ǫ) =
∑
k
δ(ǫ − ǫ(k)) = Dσ,0(−ǫ) , (69)
so that the Fermi energy is at EF = 0 at half band-filling.
When the Hamiltonian is expressed in the h-basis, we
note that
〈Ψ0|hˆ+1,σhˆ1,σ + hˆ+2,σhˆ2,σ|Ψ0〉 = 1 (70)
at half band-filling. Moreover, the particle-hole transfor-
mation implies
τph : hˆb,σ 7→ e−iγ12 hˆ+b¯,σ , e−iγ12 = −α12eiQ·R1 , (71)
where we used the notation 1¯ = 2, 2¯ = 1. Therefore, par-
ticle-hole symmetry at half band-filling leads to
〈Ψ0|hˆ+1,σhˆ2,σ|Ψ0〉 = 〈Ψ0|hˆ2,σhˆ+1,σ|Ψ0〉 , (72)
so that there is no hybridization between the h-orbitals at
half band-filling,
〈Ψ0|hˆ+1,σhˆ2,σ|Ψ0〉 = 0 . (73)
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Note that, for R1 = R2, we have α211 = −1 so that
Vk,1 = Vk,2 6= 0 in eq. (14). Even in this case, both impu-
rity levels couple to the bath electrons and the separation
between ‘odd’ and ‘even’ channels does not lead to an inert
impurity level as in [13].
5 Tight-binding model with local hybridization
To arrive at definite results, we consider spin-1/2 host elec-
trons that move between nearest neighbors on a three-
dimensional simple-cubic lattice. Moreover, we assume
that the hybridization between host levels and impurity lev-
els and the direct transfer between the impurities are weak
(RKKY limit). In this limit we provide explicit expressions
for the ground-state energy, impurity density, and impurity
contribution to the spectral function.
5.1 Model setup First, we specify the dispersion re-
lation of the host electrons and the hybridization matrix el-
ements and calculate the host-electron density-density cor-
relation function. We work out the host Green functions
and hybridization functions under the assumption that the
hybridization is weak and purely local.
5.1.1 Host electron dispersion relation and hy-
bridization The dispersion relation is given by
ǫ(k) = −W
6
(
cos(kx) + cos(ky) + cos(kz)
)
, (74)
where we set the lattice spacing to unity, a ≡ 1. Henceforth
we use the bandwidth as our energy unit, W ≡ 1. The
nesting vector is Q = (π, π, π), ǫ(Q− k) = −ǫ(k).
We place the first impurity onto the origin of the A-
lattice, R1 = 0, and write R2 ≡ R for simplicity. Then,
we have (α12 ≡ αR)
α2R = − exp(−iQ ·R) = (−1)(Rx+Ry+Rz)+1 . (75)
We use a purely local hybridization Vk = V so that
Vk,1 =
V√
2
(1− αRe−ik·R) , Vk,2 = V√
2
(α∗R + e
−ik·R) .
(76)
5.1.2 Host electron density-density correlation
function Since the RKKY interaction between the impu-
rities is mediated by the host electrons it is instructive to
study the density-density correlation function in the host
electrons’ Fermi sea. The correlation function between like
spins and R 6= 0 is given by (nˆc,R,σ = cˆ+R,σ cˆR,σ)
Cnn↑ (R) =
1
L
∑
R′
〈FS|nˆc,R′,↑nˆc,R′+R,↑|FS〉 − n2↑
= −
∣∣∣∣∣ 1L
∑
k
eik·RnFSk,↑
∣∣∣∣∣
2
, (77)
where n↑ = 1/2 and nFSk,↑ = 1 − Θ[ǫ(k)] is unity in
the reduced Brillouin zone. For R ∈ A-lattice we have
exp(iQ ·R) = 1 so that
1
L
∑
k
eik·RnFSk,↑ =
∫ 0
−∞
dǫ
1
L
∑
k
δ(ǫ− ǫ(k))eik·R
=
∫ 0
−∞
dǫ
1
2L
∑
k
[
δ(ǫ− ǫ(k))eik·R
+δ(ǫ+ ǫ(k))ei(Q−k)·R
]
=
∫ ∞
−∞
dǫ
1
2L
∑
k
δ(ǫ − ǫ(k))eik·R
=
1
2
δR,0 = 0 (78)
because R 6= 0. Since the host electrons mediate the
RKKY interaction but do not show any non-trivial corre-
lations for R ∈ A-lattice, the RKKY coupling does not
lead to a level splitting, as shown in section 5.3.2.
5.1.3 Host-electron Green functions First, we de-
fine two distance-dependent density of states DA,B(ω;R)
and their Hilbert-transformed ΛA,B(ω;R) that naturally
appear in the hybridization functions, see section 5.1.4. To
this end, we first consider
DA(ω;R) =
∑
k
δ(ω − ǫ(k))
2L
(eik·R + e−iQ·Re−ik·R) ,
ΛA(ω;R) = −
∫ 1/2
−1/2
dω′
DA(ω
′;R)
ω − ω′ . (79)
These quantities are the real and imaginary parts of the
complex functions
HA(ω;R) = ΛA(ω;R)− iπDA(ω;R)
=
1
2L
∑
k
(eik·R + e−iQ·Re−ik·R)
ω − ǫ(k) + iη . (80)
This relation shows that HA;R(ω;R) is finite only if R ∈
A-lattice. For this reason, we added the redundant indexA.
For our dispersion (74) we have from the Fourier transfor-
mation
HA(ω;R) = (−i)
∫ ∞
0
dtei(ω+iη)t
× 1
2L
∑
k
e−iǫ(k)t
(
eik·R + e−iQ·Re−ik·R
)
= δR∈A(−1)(Rx+Ry+Rz)/2(−i)
×
∫ ∞
0
dteiωtJRx
( t
6
)
JRy
( t
6
)
JRz
( t
6
)
,
(81)
where the first factor implies that R ∈ A-lattice, i.e.,
Rx + Ry + Rz must be an even integer. Here, Jn(x) =
(−1)nJn(−x) is the Bessel function of integer order n.
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Consequently, we have from the real and imaginary parts
ΛA(ω;R) = δR∈A(−1)(Rx+Ry+Rz)/2
×
∫ ∞
0
dt sin(ωt)JRx
( t
6
)
JRy
( t
6
)
JRz
( t
6
)
,
DA(ω;R) = δR∈A(−1)(Rx+Ry+Rz)/2
×
∫ ∞
0
dt
π
cos(ωt)JRx
( t
6
)
JRy
( t
6
)
JRz
( t
6
)
(82)
for R ∈ A-lattice. For later use we denote D0(ω) =
DA(ω;0) and Λ0(ω) = ΛA(ω;0).
Next, we define
DB(ω;R) =
∑
k
δ(ω − ǫ(k))
2L
(αRe
−ik·R + α∗Re
ik·R) ,
ΛB(ω;R) = −
∫ 1/2
−1/2
dω′
DB(ω
′;R)
ω − ω′ . (83)
These quantities are the real and imaginary parts of the
complex functions
HB(ω;R) = ΛB(ω;R)− iπDB(ω;R)
=
1
2L
∑
k
αRe
−ik·R + α∗Re
ik·R
ω − ǫ(k) + iη . (84)
Since α∗R = −αR for R ∈ A-lattice, HB;R(ω;R) is fi-
nite only if R ∈ B-lattice. Again, we indicate this by the
redundant index B.
For our dispersion (74) we have from the Fourier trans-
formation
HB(ω;R) = (−i)
∫ ∞
0
dtei(ω+iη)t
× 1
2L
∑
k
e−iǫ(k)t
(
αRe
−ik·R + α∗Re
ik·R)
= δR∈B(−i)iRx+Ry+Rz
×
∫ ∞
0
dteiωtJRx
( t
6
)
JRy
( t
6
)
JRz
( t
6
)
,
(85)
where the first factor implies that R ∈ B-lattice, i.e., Rx+
Ry + Rz must be an odd integer. Consequently, we have
from the real and imaginary parts
ΛB(ω;R) = δR∈B(−1)(Rx+Ry+Rz+3)/2
×
∫ ∞
0
dt cos(ωt)JRx
( t
6
)
JRy
( t
6
)
JRz
( t
6
)
,
DB(ω;R) = δR∈B(−1)(Rx+Ry+Rz+1)/2
×
∫ ∞
0
dt
π
sin(ωt)JRx
( t
6
)
JRy
( t
6
)
JRz
( t
6
)
(86)
for R ∈ B-lattice.
5.1.4 Hybridization functions We have
Vk,1V
∗
k,1 =
V 2
2
(1− αRe−ik·R)(1− α∗Reik·R)
= V 2(1− αR
2
e−ik·R − α
∗
R
2
eik·R) . (87)
Thus, we obtain from eqs. (30) and (76)
H1,1(ω;R) =
V 2
L
∑
k
1
ω − ǫ(k) + iη
−V
2
2L
∑
k
αRe
−ik·R + α∗Re
ik·R
ω − ǫ(k) + iη
= V 2
(
Λ0(ω)− ΛB(ω;R)
)
−iπV 2(D0(ω)−DB(ω;R)) . (88)
Next,
Vk,2V
∗
k,2 =
V 2
2L
(α∗R + e
−ik·R)(αR + eik·R)
=
V 2
L
(1 +
αR
2
e−ik·R +
α∗R
2
eik·R) . (89)
Thus, we obtain
H2,2(ω;R) = V
2
(
Λ0(ω) + ΛB(ω;R)
)
−iπV 2(D0(ω) +DB(ω;R)) . (90)
Finally,
Vk,1V
∗
k,2 =
V 2
2
(1− αRe−ik·R)(αR + eik·R)
=
V 2
2
(eik·R + e−iQ·Re−ik·R) . (91)
Therefore,
H1,2(ω;R) = V
2ΛA(ω;R)− iπV 2DA(ω;R) , (92)
and since
Vk,2V
∗
k,1 =
V 2
2
(1− α∗Reik·R)(α∗R + e−ik·R)
=
V 2
2
eiQ·R(eik·R + e−iQ·Re−ik·R) , (93)
we find
H2,1(ω;R) = H1,2(ω;R) . (94)
5.1.5 RKKY limit of small hybridization For V ≪
1 and |t12| ≪ 1, the relevant frequency range for the oc-
cupation densities and the hybridization will turn out to be
also small, |ω| ≪ 1. Therefore, we keep only the leading-
order terms in DA,B(ω;R) around ω = 0.
For ω → 0 we have
DA;R(ω → 0) = sRdR ,
dR =
∫ ∞
0
dt
π
JRx
( t
6
)
JRy
( t
6
)
JRz
( t
6
)
,
sR = (−1)(Rx+Ry+Rz)/2 , (95)
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and
ΛA(ω → 0;R) = ωsRℓR ,
ℓR =
∫ ∞
0
dt tJRx
( t
6
)
JRy
( t
6
)
JRz
( t
6
)
,
(96)
where it is implicitly understood that Rx +Ry +Rz must
be an even integer. The integrals for dR and ℓR can be
calculated numerically with MATHEMATICA [14].
Moreover, for ω → 0 we have
DB(ω → 0;R) = s˜Rω
π
ℓR , (97)
ΛB;R(ω → 0) = −πs˜RdR ,
s˜R = (−1)(Rx+Ry+Rz+1)/2 , (98)
where it is implicitly understood that Rx +Ry +Rz must
be an odd integer.
5.2 Particle density We recall that the first impurity
is at the origin that belongs to sublattice A by definition,
and the second impurity lies at R. We treat the two cases,
R ∈ A/B-lattice separately; it is implicitly understood in
the following that R lies in the corresponding sublattice.
5.2.1 R ∈ B-lattice We start with the simpler of
the two cases. We use D0(ω) ≈ d0, Λ0(ω) ≈ ωℓ0, and
DB(ω;R) ≈ (ω/π)s˜RℓR, ΛB(ω;R) ≈ −πs˜RdR. Thus,
we obtain
H1,1(ω) ≈ V 2(ωℓ0 + πs˜RdR)− iV 2(πd0 − ωs˜RℓR) ,
H2,2(ω) ≈ V 2(ωℓ0 − πs˜RdR)− iV 2(πd0 + ωs˜RℓR) ,
H1,2(ω) = 0 ,
H2,1(ω) = 0 . (99)
Since the mixing terms vanish, we can considerably sim-
plify n1,↑ to
n1,↑ = − 1
π
∫ 0
−1/2
dωIm
[
1
ω + |t12| −H1,1(ω)
]
≈ 1
π
∫ 0
−C
dω
V 2(πd0 − ωs˜RℓR)
PB(ω)
(100)
with
PB(ω) = [ω + |t12| − V 2(ωℓ0 + πs˜RdR)]2
+[V 2(πd0 − ωs˜RℓR)]2 , (101)
where C > 0 is of order unity. Corrections are small, of
order V 2. For |t12|, V → 0 it is useful to set
ω = V 2x , |t12| = V 2t¯ , C/V 2 →∞ . (102)
Ignoring terms of order V 2 and higher, we arrive at
n1,↑ ≈ d0
∫ 0
−∞
dx[P˜B(x)]
−1 (103)
with
P˜B(x) = x
2+2x(t¯−πs˜RdR)+(t¯−πs˜RdR)2+(πd0)2 .
(104)
The integral is elementary and gives
n1,↑ ≈ 1
π
[
arctan
(
t¯− πs˜RdR
πd0
)
+
π
2
]
. (105)
For an impurity coupling |t12| of order unity, the large
value for t¯ = |t12|/V 2 leads to n1,↑ ≈ 1, irrespective of R.
For this reason, it is important to have a small direct cou-
pling of the impurities, |t12| = O(V 2), to obtain a RKKY
behavior, see sections 5.5 and 5.6.
5.2.2 R ∈ A-lattice We use D0(ω) ≈ d0, Λ0(ω) ≈
ωℓ0, and DA(ω;R) ≈ sRdR, ΛA(ω;R) ≈ ωsRℓR to find
H1,1(ω) ≈ V 2ωℓ0 − iπV 2d0 ,
H2,2(ω) = H1,1(ω) ,
H1,2(ω) ≈ V 2ωsRℓR − iπV 2sRdR ,
H2,1(ω) = H1,2(ω) . (106)
Then,
∆(ω) ≈ (ω − V 2ωℓ0 + iπV 2d0)2 − |t12|2
−[H1,2(ω)]2 ,
Re[∆(ω)] = ω2(1 − V 2ℓ0)2 − (πV 2d0)2 − |t12|2
+(πV 2dR)
2 − (V 2ωℓR)2 , (107)
Im[∆(ω)] = 2πωV 2d0(1− V 2ℓ0) + 2πωV 4ℓRdR .
The density simplifies to
n1,↑ ≈ − 1
π
∫ 0
−C
dω
[
πV 2d0Re[∆(ω)]
PA(ω)
− (ω(1− V
2ℓ0)− |t12|)Im[∆(ω)]
JA(ω)
]
(108)
with
JA(ω) = (Re[∆(ω)])
2 + (Im[∆(ω)])2 (109)
and a high-energy cut-off,C = O(1). For |t12|, V → 0 we
use eq. (102) and neglect higher-order terms like V 2ω ≪
V 2. Then,
Re[∆(x)] = V 4
[
x2 − t¯2 + (πdR)2 − (πd0)2
]
,
Im[∆(x)] = 2πxV 4d0 . (110)
The particle density becomes formally independent of V 2
and reads
n1,↑ ≈ d0
∫ 0
−∞
dx
x2 + t¯2(1 + pR)− 2xt¯
(x2 − t¯2(1 + pR))2 + (2πxd0)2
(111)
with
pR =
π2(d20 − d2R)
t¯2
> 0 . (112)
We split the integral into even and odd terms, and substitute
y = x/t¯ in the integral over even powers and λ = x2/t¯2 in
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the integral over odd powers,
n1,↑ =
d0
2t¯
∫ ∞
−∞
(y2 + (1 + pR))dy
y4 − 2y2(1 + pR) + (1 + pR)2 + y2κ2
+
d0
t¯
∫ ∞
0
dλ
λ2 + λ(κ2 − 2(1 + pR)) + (1 + pR)2
(113)
with κ = 2πd0/t¯. The first term integrates to 1/2. The
second term is elementary. We define
κ˜R =
κ√
1 + pR
=
2πd0√
t¯2 + π2(d20 − d2R)
(114)
and find with the substitution λ = (1 + pR)µ
n1,↑ =
1
2
+
κ
2π(1 + pR)
∫ ∞
0
dµ
1
µ2 + µ(κ˜2R − 2) + 1
=
1
2
+
1
2π
√
1 + pR
G(κ˜R) , (115)
where G(0 < x < 2) ≡ G1(x) and G(x ≥ 2) ≡ G2(x)
with
G1(x) =
π√
4− x2 −
2√
4− x2 arctan
(
x2 − 2
x
√
4− x2
)
,
G2(x) = − 1√
x2 − 4 ln
(
x2 − 2− x√x2 − 4
x2 − 2 + x√x2 − 4
)
. (116)
5.3 Impurity contribution to the density of states
In the RKKY limit, |t12|, V ≪ 1, we can find an explicit
expression for the impurity-contribution to the density of
states. Again, we treat the two cases, R ∈ A/B-lattice sep-
arately.
5.3.1 R ∈ B-lattice Now that we have H1,2 =
H2,1 = 0, H1,1(ω) = V
2πs˜RdR − iV 2πd0, H2,2(ω) =
−V 2πs˜RdR− iV 2πd0, H ′1,1(ω) = V 2ℓ0+iV 2s˜RℓR, and
H ′2,2(ω) = V
2ℓ0 − iV 2s˜RℓR, we find
V 2D1,σ(x) =
d0
(x + t¯− πs˜RdR)2 + (πd0)2 ,
V 2D2,σ(x) =
d0
(x − t¯+ πs˜RdR)2 + (πd0)2 (117)
after scaling with V 2. The contribution of the two impuri-
ties is given by two Lorentz-peaks at x = ±(t¯ − πs˜RdR)
with πd0 as half-width at half maximum.
Due to the hybridization with the host electrons, we
find the contribution
∆Dhostσ (x) = Im
[
V 2(ℓ0 + is˜RℓR)/π
ω + |t12| − V 2πs˜RdR + iπV 2d0
]
+Im
[
V 2(ℓ0 − is˜RℓR)/π
ω − |t12|+ V 2πs˜RdR + iπV 2d0
]
=
s˜RℓR(x+ t¯− πs˜RdR)/π − d0ℓ0
(x + t¯− πs˜RdR)2 + (πd0)2
− s˜RℓR(x − t¯+ πs˜RdR)/π + d0ℓ0
(x− t¯+ πs˜RdR)2 + (πd0)2 .
(118)
Apparently, the host contribution is of order V 2 smaller
than the two Lorentzian peaks in eq. (117) and can be ig-
nored for small V . Note that ∆Dhostσ (|x| ≫ 1) ∼ 1/x2
because the terms proportional to (x/π)s˜RℓR cancel each
other for large |x|.
5.3.2 R ∈ A-lattice Likewise, ∆Dhostσ (ω) is much
smaller than the contributions Db(ω) to the impurity den-
sity of states. We find as dominant terms
V 2D1,σ(x) = d0
x2 − 2xt¯+ t¯2(1 + pR)
[x2 − t¯2(1 + pR)]2 + (2πxd0)2 ,
V 2D2,σ(x) = d0
x2 + 2xt¯+ t¯2(1 + pR)
[x2 − t¯2(1 + pR)]2 + (2πxd0)2 (119)
after scaling with V 2 and with pR from eq. (112).
5.4 Ground-state energy Accordingly, the ground-
state energy simplifies in the RKKY limit, and we find ex-
plicit expressions to orderO(V 2 ln(V 2), V 2).
5.4.1 R ∈ B-lattice Since the contribution from
∆Dhostσ (ω) are a factor V 2 smaller than those fromDb(ω),
we have to order V 2 ln(V 2) and V 2
∆E0 = 2|t12|+∆E˜0 ,
∆E˜0 ≈ 2
∫ 0
−∞
dω
∑
b
ωDb(ω) . (120)
With the expressions (117) we find
∆E˜0 ≈ 2d0V 2
∫ 0
−C/V 2
dx
x+ t¯− πs˜RdR
(x + t¯− πs˜RdR)2 + (πd0)2
+2d0V
2
∫ 0
−C/V 2
dx
x− t¯+ πs˜RdR
(x− t¯+ πs˜RdR)2 + (πd0)2
−2d0V 2
∫ 0
−∞
dx
t¯− πs˜RdR
(x+ t¯− πs˜RdR)2 + (πd0)2
+2d0V
2
∫ 0
−∞
dx
t¯− πs˜RdR
(x− t¯+ πs˜RdR)2 + (πd0)2
= 4V 2d0 ln
(
V 2
C
)
+2V 2d0 ln
[
(t¯− πs˜RdR)2 + (πd0)2
] (121)
−4V 2d0 t¯− πs˜RdR
πd0
arctan
(
t¯− πs˜RdR
πd0
)
with C = O(1). With the help of eq. (105) we find
∆E˜0 = 4d0V
2 ln
(
πV 2d0/C
)
−4d0V 2 ln [cos(π/2− n1,↑π)]
−4d0V 2(π/2− n1,↑π) tan (π/2− n1,↑π)
+O (V 4 ln(V 2)) . (122)
5.4.2 R ∈ A-lattice We have to leading order
∆E˜0 ≈ 2V 2
∫ 0
−C/V 2
dx
∑
b
xV 2Db(x) . (123)
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Using the expressions (119) we find
∆E˜0
V 2d0
= 4
∫ 0
−C/V 2
dx
x(x2 + t¯2(1 + pR))
(x2 − t¯2(1 + pR))2 + (2πd0)2x2
= 4
∫ 0
−C/(V 2 t¯√1+pR)
dy
y(y2 + 1)
(y2 − 1)2 + κ˜2Ry2
= −
∫ C2/(V 2 t¯√1+pR)2
0
dλ
2λ− 2 + κ˜2R + 4− κ˜2R
λ2 − 2λ+ 1 + κ˜2Rλ
= − ln [λ2 − 2λ+ 1 + κ˜2Rλ]C2/(V 2 t¯√1+pR)20
− (4− κ˜
2
R)
κ˜R
G(κ˜R)
= −
[
4 ln
(
Cκ˜R
2πd0V 2
)
+
(4− κ˜2R)
κ˜R
G(κ˜R)
]
(124)
with pR from eq. (112) and κ˜R from eq. (114), and we
used eq. (115) in the third step.
5.5 Level splitting via the RKKY interaction In the
absence of an electron transfer between the impurity sites,
t12 = 0, the effective level splitting is not necessarily zero.
5.5.1 R ∈ B-lattice From eq. (117) we see that
the impurity contribution to the density of states is domi-
nantly given by two Lorentz peaks at ω± = ±V 2πdR with
πd0V
2 as half-width at half maximum,
V 2D1,σ(x) =
d0
(x − πs˜RdR)2 + (πd0)2 ,
V 2D2,σ(x) =
d0
(x + πs˜RdR)2 + (πd0)2
. (125)
Moreover, the particle density in the level b = 1 is n1,↑ ≈
1/2− s˜RdR/(πd0) 6= 1/2.
5.5.2 R ∈ A-lattice For the A-lattice, the situation
is different. We have D1,σ(ω) = D2,σ(ω) and find a single
peak at ω = 0. In particular, for R = 0 we observe a
Lorentz peak at ω = 0 with half width at half maximum of
2πd0V
2
. For R 6= 0 we have
V 2Db,σ(x) =
d0
β2R
(x/βR)
2 + 1
[(x/βR)2 − 1]2 + 4γ2R(x/βR)2(126)
with
β2R = π
2(d20 − d2R) , γ2R =
d20
d20 − d2R
. (127)
In general, Db(x) is almost a Lorentz peak at x = 0
with half width half maximum βR because γR ≈ 1 for
all R 6= 0. Apparently, the RKKY splitting is absent for
R ∈ A-lattice. We only have a single peak in the density
of state for t12 = 0 and, correspondingly, eq. (115) gives
n1,↑ = 1/2. In Fig. 1 we show the density of states for
two impurities at nearest-neighbor positions in the simple-
cubic lattice, R = (1, 0, 0) ∈ B-lattice, and at next-
nearest-neighbor positions, R = (2, 0, 0) ∈ A-lattice.
-40 -20 0 20 40
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Figure 1 Impurity density of states, eqs. (125) and (126),
as a function of frequency x = ω/V 2 for two impurities at
nearest-neighbor distance R = (1, 0, 0) ∈ B-lattice (full
lines) and next-nearest-neighbor distance R = (2, 0, 0) ∈
A-lattice (dashed line) for t = 0. Numerically, d0 = 1.712,
πd(1,0,0) = 2, s˜(1,0,0) = −1, and d(2,0,0) = 0.2928 so that
β2(2,0,0) = 28.08 and γ2(2,0,0) = 1.03.
Note that, for the parameters chosen, the respective
sums
∑
bDb,σ(ω) are almost indistinguishable. Therefore,
it is difficult to resolve the two-peak structure for U = 0.
For finite U , and for U ≫ 1 in particular, the peaks narrow
into two well-separated, sharp Kondo resonances whose
splitting can be detected more easily.
5.6 RKKY energy Lastly, we discuss the contribution
of the two-impurity interaction to the ground-state energy
for t12 = 0 and V ≪ 1.
5.6.1 R ∈ B-lattice The level splitting results in a
decrease in energy. From eq. (122) we see that for y =
n1,↑π − π/2 and with ∆E0 = ∆E˜0 for t12 = 0
∆E0 = 4d0V
2 ln
(
πV 2d0/C
)
−4d0V 2 [ln (cos(y)) + y tan(y)] . (128)
As seen from eq. (105), the absolute value of tan(y) =
−s˜RdR/d0 is small so that
∆E0 ≈ 4d0V 2 ln
(
πV 2d0/C
)− 2d0V 2
(
dR
d0
)2
.
(129)
The first term originates from the host electron scattering
off the individual impurities, the second term reflects the
energy gain by the coherent scattering off both impurity
levels. Therefore, the RKKY energy of the two impurities
is given by
ERKKY(R ∈ B-lattice) = −2d0V 2
(
dR
d0
)2
. (130)
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Figure 2 RKKY energy, eqs. (130) and (132), as a function
of the impurity separation R along the axis directions <
R, 0, 0> (top) and along the diagonal direction [R,R,R]
(bottom).
The RKKY interaction always leads to a decrease in en-
ergy when R ∈ B-lattice. We show the RKKY energy in
Fig. 2.
5.6.2 R ∈ A-lattice The impurity levels are not split
when R ∈ A-lattice. Nevertheless, the coherent scatter-
ing off the two impurities changes the ground-state en-
ergy. With κ˜R = 2/
√
1− (dR/d0)2 & 2 we obtain from
eq. (124)
∆E0 ≈ 4d0V 2 ln(πV 2d0/C)+2V 2d0
(
dR
d0
)2
. (131)
The functional dependence on R is the same as in (130),
ERKKY(R ∈ A-lattice) = 2d0V 2
(
dR
d0
)2
, (132)
but for R ∈ A-lattice the RKKY interaction always leads
to an increase in energy, see Fig. 2. The functional form
of the RKKY energy can also be obtained from the RKKY
exchange interaction, as we show in appendix C.
6 Conclusions In this work we studied the non-
interacting two-impurity Anderson model on a lattice.
We calculated the single-particle Green functions analyt-
ically using the equation-of-motion method. We focused
on the particle-hole symmetric case at half band-filling
for host electrons with nearest-neighbor electron transfer
on a simple-cubic (bipartite) lattice. For a local, weak hy-
bridization between impurities and host electrons and no
direct coupling between the impurities (RKKY limit), we
provide explicit analytic formulae for the impurity density
of states and the ground-state energy contribution due to
the presence of the impurities.
In general, the RKKY interaction leads to an effec-
tive coupling between the impurities so that the single-
particle density of states displays two peaks. For the non-
interacting Anderson model, the level splitting is small and
decays as a function of the impurity distance. However,
even for short distances, two peaks are difficult to resolve
in the total density of states. The splitting exactly vanishes
only if the host electrons’ density-density correlation func-
tion is zero, as is the case when both impurities are on
the same sublattice, due to particle-hole symmetry at half
band-filling.
The analytic formulae for the RKKY interaction in the
non-interacting two-impurity Anderson model differ even
to second-order perturbation theory in the hybridization
because the exact solution contains all multiple scatterings
between impurities and host electrons. Nevertheless, the
perturbative approach is able to account for the distance-
dependence qualitatively because it reproduces the alter-
nating sign between the two sublattices. In general, how-
ever, the multiple scattering contributions modify the ex-
change interaction quantitatively for a dense host-electron
system, namely in its size and distance-dependence.
The two-impurity Anderson model at U = 0 contains
the RKKY indirect exchange mechanism but it does not
capture the local-moment formation on the impurity sites
that is present in the Kondo limit of half band-filling and
large interaction strengths, U ≫ W . However, the com-
petition of Kondo and RKKY physics can be studied vari-
ationally using the Gutzwiller approach that starts from a
single-particle product state. Therefore, the present formu-
lae are an indispensable prerequisite for the analytic evalu-
ation of Gutzwiller-correlated wave functions. Work in this
direction is in progress [12].
Acknowledgements Z.M.M. Mahmoud thanks the Fach-
bereich Physik at the Philipps Universita¨t Marburg for its hospi-
tality.
A Particle-hole transformation In this appendix we
derive the unitary operator that generates the particle-hole
transformation τph in eq. (63). For the host electrons we
use τˆc;σ =
∏
R τˆR;σ , where
τˆR;σ = −cˆ+R,σ + e−iQ·RcˆR,σ (133)
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acts only on site R of the lattice. We have τˆR;σ τˆ
+
R;σ = 1
and
τˆ+R;σ cˆR,σ τˆR;σ = −eiQ·Rcˆ+R,σ . (134)
Note that the operators τˆ (+)R;σ and τˆ
(+)
R′;σ anti-commute with
each other and with cˆ(+)R′′ for R 6= R′ and R′′ 6= R,R′.
Consequently, the unitary operator τˆc;σ generates the par-
ticle-hole transformation for the host electrons (L is even),
τˆ+c;σ cˆk,σ τˆc;σ = (−1)L−1
√
1
L
∑
R
e−ik·Rτˆ+R;σ cˆR,σ τˆR;σ
=
√
1
L
∑
R
e−ik·ReiQ·Rcˆ+R,σ = cˆ
+
Q−k,σ .
(135)
Furthermore, for the impurity electrons we set
τˆb;σ = dˆ
+
b,σ + e
−iQ·Rb dˆb,σ (136)
with τˆb;σ τˆ
+
b;σ = 1 and find
τˆ+2;σ τˆ
+
1;σ dˆb,σ τˆ1;σ τˆ2;σ = −eiQ·Rb dˆ+b,σ (137)
because τˆ (+)2;σ and τˆ
(+)
1;σ anti-commute. The unitary operator
for the complete particle-hole transformation reads
τˆph =
∏
σ
∏
R
τˆR;σ
∏
b
τˆb;σ . (138)
B RKKY interaction at large distances In this ap-
pendix we derive the asymptotic formulae applied in Fig. 2.
B.1 Axis direction We must calculate
d(R,0,0) =
6
π
∫ ∞
0
dxJR(x)[J0(x)]
2 (139)
for R ≫ 1. Now that JR(x) ∼ xR for small x, we can
safely use the asymptotic expression for J0(x≫ 1), num-
ber 9.2.1 of [15], to arrive at the approximation
d(R,0,0) ≈
6
π
∫ ∞
0
dxJR(x)
2
πx
cos2(x− π/4) . (140)
MATHEMATICA [14] gives an analytic result for this inte-
gral. Ignoring an exponentially small oscillating term we
find
d(R,0,0) ≈
6
π2
1
R
. (141)
As seen from the figure, this approximate formula works
very well for all R ≥ 3.
B.2 Diagonal direction We must calculate for R =
(R,R,R)
dR =
6R
π
∫ ∞
0
dy[JR(Ry)]
3 (142)
for R ≫ 1. We use number 9.3.6 together with num-
bers 9.3.38/39 of [15] to arrive at
dR ≈ 6R
π
∫ 1
0
dy
(
4ζ1(y)
1− y2
)3/4 [
Ai
(
R2/3ζ1(y)
)]3
+
6R
π
∫ ∞
1
dy
(
4ζ2(y)
1− y2
)3/4 [
Ai
(
R2/3ζ2(y)
)]3
,
(143)
where Ai(x) is the first Airy function [15] and
2
3
[ζ1(y)]
3/2 = ln
(
1 +
√
1− y2
y
)
−
√
1− y2 ,
2
3
[−ζ2(y)]3/2 =
√
y2 − 1− arccos(1/y) . (144)
Since Ai(|x| → ∞) = 0, ζ1,2(y) must be small. Therefore,
|y − 1| ≪ 1 and ζ1,2 ≈ 21/3(1− y). With the approxima-
tion [4ζ1,2(y)/(1− y2)]3/4 ≈ 2 for the relevant integration
region we can simplify
dR ≈ 12
π
∫ ∞
0
dy
[
Ai
(
R2/321/3(1 − y)
)]3
≈ R−2/3 12
π
2−1/3
∫ ∞
−∞
dλ [Ai(λ)]3 . (145)
With the Fourier representation of the Airy function,
Ai(λ) =
∫ ∞
−∞
ds
2π
eisλe−is
3/3 , (146)
we find
∫ ∞
−∞
dλ [Ai(λ)]3 =
+∞∫∫
−∞
ds1
2π
ds2
2π
ei(s
3
1
+s3
2
−(s1+s2)3)/3 .
(147)
Using s1 = (u+ v)/
√
2 and s2 = (u− v)/
√
2 this can be
written as∫ ∞
−∞
dλ [Ai(λ)]
3
=
∫ ∞
−∞
du
2π
eiu
3/
√
2
∫ ∞
−∞
dv
2π
e−iuv
2/
√
2 .
(148)
The remaining two integrals can be carried out analytically
using MATHEMATICA [14] to give
∫ ∞
−∞
dλ [Ai(λ)]
3
=
21/3
√
π
4
√
3π2
Γ
(
1
6
)
, (149)
where Γ (x) is the Gamma function. We insert this result
into eq. (145) and finally find
d(R,R,R) =
√
3π−5/2Γ
(
1
6
)
R−2/3 . (150)
The prefactor evaluates to
√
3π−5/2Γ (1/6) ≈ 0.55113.
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C RKKY exchange interaction Second-order per-
turbation theory in the impurity-host hybridization gives
the RKKY indirect exchange interaction between two spins
on a lattice in a metallic host, see [1], appendix I,
HˆRKKY = −
∑
R,R′
J(R −R′)SˆR · SˆR′ (151)
with the exchange interaction between two spins at dis-
tance R
J(R) =
(
V
L
)2∑
k,p
nFSk,↑(1− nFSp,↑)
ǫ(p)− ǫ(k) e
−i(k−p)·R . (152)
With p′ = Q− p and with eqs. (79) and (83) we can cast
the exchange interaction into the form
J(R) = −(−1)R
∫ 0
−∞
dǫ1
∫ 0
−∞
dǫ2
V 2
ǫ1 + ǫ2
DA/B(ǫ1,R)DA/B(ǫ2,R) . (153)
Apparently, the RKKY exchange interaction changes its
sign when we go from the A-lattice to the B-lattice, as it
should.
Eq. (153) gives the qualitatively correct dependence
on R only when R ∈ A-lattice, namely J(R) ∝ d2R.
For R ∈ B-lattice, second-order perturbation theory is not
accurate enough because it does not account for the level
splitting shown in Fig. 1. Therefore, it does not reproduce
the correct behavior J(R) ∝ d2R for R ∈ B-lattice.
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